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In this paper we consider a hybrid elastic model consisting of a Timoshenko beam and
a tip load at the free end of the beam. We show that uniform stabilization of the model
which includes the rotary inertia of the tip load can be obtained when feedback boundary
moment and force controls are applied at the point of contact between the beam and
the tip load. However, in the presence of the load stabilization is “slower” and subject to
a restriction on the boundary data at the free end of the beam.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction and statement of the problem
Studies of the problem of stabilizability of hybrid elastic systems have been the order of the day for several decades.
A model for the undamped transversal deﬂections of a non-extensible Euler–Bernoulli beam which has attached to its free
end a load with negligibly small rotary inertia, is found as early as 1964 in the classical collection of problems in mathe-
matical physics due to Budak et al. [3, pp. 193–195]. In 1988 a pioneering contribution in the area of stabilization of hybrid
elastic structures was made by Littman and Markus [18]. These authors established the property of strong stabilization of
the SCOLE model, that takes account of the rotary inertia of the tip load, by applying force and moment controls at the point
of contact between the beam and the load. This work was followed by an explosion of contributions on linear and nonlinear
hybrid systems for the Euler–Bernoulli beam equation and the wave equation which include internal or boundary damping
by amongst others, Rao [22], Grobbelaar [6,7] and Mifdal [19]. More recently a model for a nonlinear one-dimensional hy-
brid thermo-elastic structure consisting of an extensible thermo-elastic Rayleigh beam which has a mass attached to its free
end, was considered by Grobbelaar [11,13]. A multiplier of an operator-theoretic nature is a critical tool in the construc-
tion of an appropriate Lyapunov functional with a view to achieving uniform stability of the energy of the model without
including any mechanical dissipation.
It is well known that the Timoshenko beam equations [25] which incorporate shear effects, over and above displacement
and inertia effects, provide a more accurate description for the motions of thicker beams as well as beams vibrating at high
frequencies. Hybrid elastic models for Timoshenko beams have attracted vast interest during the last twenty years. In this
area contributions before 2000 on the solvability and stabilization of such models are due to, amongst others, Bruch and
Mitchell [2], Deng [5] and Morgul [20]. Bruch and Mitchell considered a model for the undamped vibrations of a cantilevered
Timoshenko beam with a “lumped moment of inertia” at the free end. The frequency equation for the beam is determined
and the resulting mode shapes of the beam-mass system are presented with the aid of numerical methods. Deng achieved
exponential uniform stabilization of a hybrid system for the Timoshenko equations consisting of a beam and a tip body by
considering the principal part of a fourth order system derived from the original Timoshenko beam system [1]. Morgul used
a Lyapunov method to achieve uniform stabilization of a hybrid structure comprising a rotating rigid body, e.g. a spacecraft,
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boundary controls. More recently Q. Yan and D. Feng [27] considered a Timoshenko beam-rigid body model in which the
beam is non-uniform. Semigroup methods are used to establish well-posedness while the frequency domain multiplier
method is applied to obtain a result of uniform exponential stability when a stabilization scheme comprising three feedback
boundary controls is implemented. However, the rotary inertia of the rigid body is not taken into account in the model.
A numerical approach to the problem, using the ﬁnite element method, was undertaken by Zietsman et al. [29] who from
their empirical studies could not conclude uniform stabilization, neither in the case of non-zero rotary inertia, Im , of the
tip load, nor when Im is neglected. Their FEM approach was followed most recently by a ﬁnite difference approach due
to F. Li et al. [17] in which unique solvability, unconditional stability (to the initial values and inhomogeneous terms) and
convergence of their difference scheme of the problem, which includes the rotary inertia of the tip load, are proved.
There is also an extensive literature on higher-dimensional models for linked structures, e.g. plate-beam systems in
which the components may be Euler–Bernoulli or Kirchoff plates or beams, or von Kármán plates or extensible beams to
provide for large deﬂections. The reader is referred to e.g. the studies of You [28] and Grobbelaar [8,9]. A model which
includes thermal effects in the Euler–Bernoulli plate-beam structure was considered by Grobbelaar [10]. It turns out that
the parabolicity associated with the coupled heat equation carries over to the entire structure to furnish an analytical family
of evolution operators which provides a direct route to uniform stabilization without any mechanical dissipation in place on
the interface.
More comprehensive plate-beam models comprising a Reissner–Mindlin plate [23] and a Timoshenko beam have also
been investigated. The reader is referred to Chapter VIII of the monograph “Modeling, Analysis and Control of Dynamic
Elastic Multi-Link Structures” by Lagnese, Leugering and Schmidt [15] in which distributed parameter models are developed
for different dynamic elastic plate-beam conﬁgurations and studied with a strong focus on stabilizability and controllability.
For example, for a speciﬁc plate-beam conﬁguration [15, p. 319] it is proved that the model is exactly controllable by means
of controls applied along a portion of the edge that excludes the “junction region” between the plate and the beam.
The limiting case where the junction region is reduced to the one-dimensional edge of the thin Reissner–Mindlin plate
to which the Timoshenko beam is attached, was recently considered by Grobbelaar [12]. Strong stabilization of the model
which incorporates feedback force and moment controls at the interface, here the one-dimensional edge of the plate to
which the beam is attached, is achieved without imposing geometrical conditions on the plate domain. Whereas this result
generalizes the results of Lagnese [16] for the classical Reissner–Mindlin plate, it is still an open question whether uniform
stabilization for the plate-beam model can be attained with the aid of the Lyapunov functional method when geometrical
conditions on the plate and its edges are imposed (see [16, Chapter 3, Section 3]).
This paper is concerned with the related one-dimensional problem, i.e. uniform stabilization of a one-dimensional hybrid
structure consisting of a Timoshenko beam with a tip load. For our approach we are much indebted to the by now classical
work of Kim and Renardy [14] on boundary stabilization of the Timoshenko beam equations. We recall that the cited authors
achieved uniform stabilization of the model for a Timoshenko beam which is clamped at its one end while at its other free
end feedback boundary controls on the displacement and shear velocities are applied, transforming these velocities into the
force and moment at the free end. Their contribution consisted not only of constructing an appropriate Lyapunov functional
under restrictions on the constants in the Lyapunov functional, but also of a numerical approach.
In particular we wish to investigate the following questions:
(i) If a Timoshenko beam has a tip load attached at its free end, will the model with inclusion of the rotary inertia of the tip load, be
uniformly stabilizable by applying force and moment feedback boundary controls on the displacement and shear velocities at the
point of contact between the beam and the load?
(ii) Since it is to be expected that stabilization in the presence of the tip load, if it occurs, will be “slower,” what will the effect of the
load be on the conditions for stabilization? More speciﬁcally, since restrictions are required for the stabilization of the unloaded
case [14, pp. 1423–1424], what constraints on possibly the physical parameters and the constants in the proposed Lyapunov
functional will be needed in order to achieve uniform stabilization?
To shed further light on these questions we consider a speciﬁc model for a Timoshenko beam which has a tip load
attached to one free end. Assume the beam is clamped at x = 0 while the tip load is ﬁxed to the end x =  in such
a manner that the center of mass of the load is coincident with its point of attachment to the beam. We assume interaction
between the beam and the load. Thus the forces and moments within the vibrating beam are transmitted to the tip load
which moves in accordance with Newton’s law. Dissipation is introduced into the coupled model by applying feedback
boundary moment and force controls on the shear and displacement velocities φt and wt at x = . The coupled motions
of the beam-load structure are now governed by the following initial–boundary-value problem, denoted in what follows
as Pr(P ):
Iρφtt − E Iφxx + K (φ + wx) = 0,
ρwtt − K (w + φx)x = 0, 0 < x < , t > 0,
[Imφtt + E Iφx](, t) = −k1φt(, t),[
mwtt + K (φ + wx)
]
(, t) = −k0wt(, t),
394 M. Grobbelaar-Van Dalsen / J. Math. Anal. Appl. 361 (2010) 392–400w(0, t) = 0, φ(0, t) = 0,
w(x,0) = w0(x), wt(x,0) = w1(x), w(,0) = w(, t)|t=0 = ξ0, wt(,0) = ξ1,
φ(x,0) = φ0(x), φt(x,0) = φ1(x), φ(,0) = ψ0, φt(,0) = ψ1. Pr(P )
Here  is the length of the beam, ρ , Iρ , E and I denote respectively the mass per unit length, the mass moment of inertia of
a cross-section of the beam, Young’s modulus and the moment of inertia of a cross-section of the beam. The coeﬃcient K
equals kG A where G is the shear modulus, A the cross-sectional area and k a constant dependent on the shape of the
cross-section. The coeﬃcients m and Im denote respectively the mass and the rotary inertia of the tip load while k0, k1 are
positive constants.
2. Preliminary results
For the purpose of establishing uniform stabilization of Pr(P ) we need to assert a decay property for the energy associ-
ated with the model based on the existence of unique solutions of Pr(P ) in a space of ﬁnite energy.
By using the standard formal procedure, it is clear that the energy functional for Pr(P ) is
2E(t) =
∫
0
{
ρw2t + Iρφ2t + K (φ + wx)2 + E Iφ2x
}
dx+mw2t (, t) + Imφ2t (, t).
This suggests (H1(0, )×C)2 as a space of ﬁnite energy for weak solutions (〈φ,φ()〉, 〈w,w()〉) of Pr(P ). We introduce the
notation γ f := γ0 f |x= = f () where γ0 denotes the classical trace operator of a function f (x) ∈ Hm(0, ), m 1. Our ﬁrst
observation is on the existence of weak solutions of Pr(P ):
Proposition 2.1. Let (〈φ0,ψ0〉, 〈φ1,ψ1〉, 〈w0, ξ0〉, 〈w1, ξ1〉) be an element of ((H1(0, ) × C) × (L2(0, ) × C))2 . Then there exists
a unique solution (〈φ,γ φ〉, 〈w, γ w〉) ∈ (H1(0, ) × C)2 of Pr(P ) such that(〈φ,γ φ〉, 〈φt, (γ φ)t 〉, 〈w, γ w〉, 〈wt, (γ w)t 〉) ∈ C(0,∞; ((H1(0, ) × C)× (L2(0, ) × C))2).
The proof is achieved by constructing a C0 semigroup of contractions on the extended energy space H := (H1(0, )×C)2×
(L2(0, )×C)2. The method is completely analogous to the method used for the two-dimensional version of Pr(P ) [12] where
the model comprises a Reissner–Mindlin plate which has a Timoshenko beam attached to its one edge while this edge is
also equipped with feedback boundary controls on the velocities of the displacement and shear variables. It is clear that the
coupled nature of the problem manifests itself in the action of the semigroup and its generator on the extended variables
〈φ,γ φ〉, 〈w, γ w〉 and their time derivatives. With the movements of the rigid body described by Newton’s law (only), the
underlying elliptic operator A which is instrumental in constructing the semigroup is, as in the classical case, the canonical
isomorphism of H1(0, ) endowed with the norm (K
∫ 
0 (φ + wx)2 dx + E I
∫ 
0 φ
2
x dx)
1
2 onto H−1(0, ). In accordance with
the standard procedure the semigroup exp(−tA),A a matrix of operators, is now constructed by formulating a ﬁrst order
evolution problem of the form dUdt + AU = 0 in H. More regular solutions, in fact classical solutions of Pr(P ), i.e., solutions
(〈φ,γ φ〉, 〈w, γ w〉) ∈ (H2(0, ) × C)2, may be obtained by restricting the initial states to appropriate spaces.
We have the following energy identity:
Proposition 2.2. Let (〈φ,γ φ〉, 〈w, γ w〉) be a weak solution of Pr(P ). For 0 s < t the following relation holds:
E(t) − E(s) = −
t∫
s
[
k0w
2
t (, τ ) + k1φ2t (, τ )
]
dτ
or equivalently
dE
dt
= −[k0w2t (, t) + k1φ2t (, t)].
Clearly the energy associated with Pr(P ) exhibits the property of energy decrease.
3. Uniform stability of Pr(P )
This section contains our main result on uniform stabilization of the model described by Pr(P ). To establish uniform
stability of weak solutions of Pr(P ) we will follow [14] in using the Lyapunov functional method. In the presence of the tip
load this approach will dictate a restriction on the boundary values of solutions, i.e., at x = , in which the physical param-
eters of the problem, e.g., the mass and rotary inertia of the load, will come into play. On the strength of Proposition 2.1 we
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be constructed by using the method of separation of variables (see Remark 3.3).
We now proceed to the restriction of the boundary data of solutions at x = . The restriction is “suggested” by the
dynamical boundary conditions at x =  in the sense that the feedback functions φt(, t) and wt(, t) provide upper bounds
for the product functions [Imφtt E Iφx](, t) and [mwtt K (φ + wx)](, t) in which the parameters Im, E I,m and K are assumed
to be strictly positive, i.e., we have
[Imφtt E Iφx](, t) k
2
1
4
φ2t (, t)
and
[
mwtt K (φ + wx)
]
(, t)
k20
4
w2t (, t)
(by using 4ab = (a + b)2 − (a − b)2  (a + b)2, a,b ∈ R). We also have e.g. that k21φ2t (, t) + 2E I [Imφtt E Iφx](, t) > 0∀t ∈ [0,∞) such that [Imφtt E Iφx](, t) > 0. In order to provide for the full range, i.e., the case where the product func-
tions [Imφtt E Iφx](, t) and [mwtt K (φ + wx)](, t) may assume positive and negative values, we assume
Condition Z. There exist positive constants C ′ and C ′′ which may be large such that
C ′k21φ2t (, t) +

2E I
[Imφtt E Iφx](, t) >m1 > 0 ∀t ∈ [0,∞) s.t. [Imφtt E Iφx](, t) < 0,
C ′′k20w2t (, t) +

K
[
mwtt K (φ + wx)
]
(, t) >m2 > 0 ∀t ∈ [0,∞) s.t.
[
mwtt K (φ + wx)
]
(, t) < 0.
Remark 3.1. Condition Z ensures that on the open time interval [0,∞) the products Im × (rate of change of angular
velocity) × (moment) and m × (displacement acceleration) × (force) at the loaded end of the beam, are bounded in terms
of the feedback functions used in the stabilization scheme. It is immediately clear that feedback boundary controls need to
be applied to both the displacement and the shear velocity, i.e., k0 > 0 and k1 > 0 are required in Pr(P ). In this case it is
evident that Condition Z is satisﬁed if m = 0 and Im = 0.
We shall prove
Theorem 3.2. Assume that Condition Z holds and let k0 > 0, k1 > 0. Then there exist constants M  1, ω > 0 such that
E(t) M exp(−ωt)E(0) ∀t  0
with E(t) the energy associated with Pr(P ).
Proof. To prove Theorem 3.2 we shall use the approach of constructing an appropriate Lyapunov functional. By showing that
the Lyapunov functional is decreasing for t  T0 large enough, we can validate the conditions for a necessary and suﬃcient
criterion for the property of uniform exponential decay of a C0 semigroup on a space of ﬁnite energy due to Pazy [21]. Our
exposition follows that of Chen et al. [4,7].
The work of Kim and Renardy [14] for the classical Timoshenko beam leads us to deﬁne the functional F (t) by
F (t) = μt
2
[ ∫
0
{
ρw2t + Iρφ2t + K (φ + wx)2 + E Iφ2x
}
dx+mw2t (, t) + Imφ2t (, t)
]
+ ρ
∫
0
xwtwx dx+ Iρ
∫
0
xφtφx dx+ 1
2+ η
(
Iρ
∫
0
φφt dx− ρ
∫
0
wwt dx
)
= μtE(t) + h(t) (1)
with μ > 0 and η > 0 to be ﬁxed later on. Clearly F (t) is a modiﬁcation of the Lyapunov functional F (t) used in [14] with
the presence of the tip load reﬂected in the last two terms of the ﬁrst line.
Once we have shown that dFdt < 0 ∀t  T0 > 0 we will have to our disposal the inequality
F (t) F (T0) F (0) = h(0) C(T0)E(0) (2)
for T0 suﬃciently large, t  T0 provided
h(t) CE(t) ∀t  0. (3)
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2h(t) = 2
(
ρ
∫
0
xwtwx dx+ Iρ
∫
0
xφtφx dx+ 1
2+ η
(
Iρ
∫
0
φφt dx− ρ
∫
0
wwt dx
))

√
ρ
E I

(
ρ
∫
0
w2t dx+ E I
∫
0
w2x dx
)
+
√
Iρ
E I

(
Iρ
∫
0
φ2t dx+ E I
∫
0
φ2x dx
)
+ 1
2+ η
√
Iρ
E I
(
2
2
E I
∫
0
φ2x dx+ Iρ
∫
0
φ2t dx
)
+ 1
2+ η
√
ρ
K
(
2
2
K
∫
0
w2x dx+ ρ
∫
0
w2t dx
)
by virtue of 2|a||b| (|a|2 + |b|2) and ∫ 0 φ2 dx 22 ∫ 0 φ2x dx.
On the strength of
∫ 
0 w
2
x dx  2(
∫ 
0 (wx + φ)2 dx + 
2
2
∫ 
0 φ
2
x dx) and by combining similar terms we obtain h(t)  CE(t)
with C dependent on ρ , Iρ , E I , K and η. We can now conclude from (1)–(3) that
[μt − C]E(t) C(T0)E(0), t  T0,
whence for some C¯(T¯ ) > 0
E(t) C¯(T¯ )E(0), t  T¯ = max
{
T0,
2C
μ
}
. (4)
Since the energy is bounded on [0, T¯ ], (4) yields
∞∫
T¯
E2(t)dt  C¯2(T¯ )E2(0)
∞∫
T¯
[
1
μt − C
]2
dt < ∞.
By applying the cited result due to Pazy [21] we conclude that there exist M  1, ω > 0 such that
E(t) M exp(−ωt)E(0) ∀t  0.
It remains to show that dFdt < 0 for t  T0 > 0. Differentiation of (1) yields
dF
dt
= μ
2
[ ∫
0
{
ρw2t + Iρφ2t + K (φ + wx)2 + E Iφ2x
}
dx+mw2t (, t) + Imφ2t (, t)
]
+ μt
[ ∫
0
{
ρwtwtt + Iρφtφtt + K (φ + wx)(φt + wxt) + E Iφxφxt
}
dx+m(wtwtt)(, t) + Im(φtφtt)(, t)
]
+
10∑
n=3
Jn
≡ μ J1 + μt J2 +
10∑
n=3
Jn
where
J1 = E(t) = 1
2
[ ∫
0
{
ρw2t + Iρφ2t + K (φ + wx)2 + E Iφ2x
}
dx+mw2t (, t) + Imφ2t (, t)
]
,
J2 =
∫
0
{
ρwtwtt + Iρφtφtt + K (φ + wx)(φt + wxt) + E Iφxφxt
}
dx+m(wtwtt)(, t) + Im(φtφtt)(, t),
J3 = ρ
∫
x
2
d
dx
(
w2t
)
dx, J4 = ρ
∫
xwtt wx dx, J5 = Iρ
∫
x
2
d
dx
(
φ2t
)
dx, J6 = Iρ
∫
xφttφx dx,0 0 0 0
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2+ η
∫
0
φ2t dx, J8 =
ρ
2+ η
∫
0
w2t dx, J9 =
Iρ
2+ η
∫
0
φφtt dx, J10 = − ρ
2+ η
∫
0
wwtt dx.
By performing the integrations while taking account of the boundary conditions, and combining similar terms we obtain
dF
dt
=
(
ρu
2
− ρ
2
− ρ
2+ η
) ∫
0
w2t dx+
(
Iρμ
2
− Iρ
2
+ Iρ
2+ η
) ∫
0
φ2t dx
+
(
μK − K
2
+ K
2+ η
) ∫
0
w2x dx+
(
μK + μE I
2
+ K
2
− E I
2
− K
2+ η −
E I
2+ η
) ∫
0
φ2x dx
+
(
ρ
2
+ μm
2
− μtk0
)
w2t (, t) +
(
Iρ
2
+ μIm
2
− μtk1
)
φ2t (, t)
− K
2
φ2(, t) − K
2+ η (φw)(, t) +
K
2
w2x(, t) +
E I
2
φ2x (, t) +
E I
2+ η (φφx)(, t) −
K
2+ η (wwx)(, t)
=
4∑
n=1
In +
8∑
n=1
Tn.
While T3 is strictly negative we have
|T4| K
2(2+ η)
[ ∫
0
φ2x dx+
∫
0
w2x dx
]
resulting in modiﬁcation of the coeﬃcients of the integrals I3 and I4. As we will see below estimations of the terms T5–T8
will lead to more modiﬁcations in the coeﬃcients of I3 and I4 and the terms T1 and T2 in what will become an estimate
of dFdt . In view of the dynamical boundary conditions at x =  the estimations are more intricate than in the unloaded case
and can only be accomplished with the aid of Condition Z. We ﬁrst estimate T5.
We have
K
2
w2x(, t)dx K(φ + wx)2(, t) + K2
∫
0
φ2x dx.
Now
K(φ + wx)2(, t) = 
K
[
mwtt + K (φ + wx) −mwtt
][
K (φ + wx)
]
(, t)
 
2K
k20w
2
t (, t) +
K
2
(φ + wx)2(, t) − 
K
[
mwtt K (φ + wx)
]
(, t)
<
⎧⎪⎪⎨
⎪⎪⎩

2K
k20w
2
t (, t) +
K
2
(φ + wx)2(, t) if
[
mwtt K (φ + wx)
]
(, t) > 0,(

2K
+ C ′′
)
k20w
2
t (, t) +
K
2
(φ + wx)2(, t) if
[
mwtt K (φ + wx)
]
(, t) < 0
by implementing Condition Z.
This gives
K(φ + wx)2(, t) <
(

K
+ 2C ′′
)
k20w
2
t (, t)
and
K
2
w2x(, t) <
(

K
+ 2C ′′
)
k20w
2
t (, t) + K2
∫
0
φ2x dx
where C ′′ may be zero depending on the sign of [mwtt K (φ + wx)](, t).
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E I
2
φ2x (, t) =

2E I
[
(E Iφx + Imφtt) − Imφtt
][E Iφx](, t)
 
4E I
k21φ
2
t (, t) +
E I
4
φ2x (, t) −

2E I
[Imφtt E Iφx](, t)
<
⎧⎪⎪⎨
⎪⎪⎩

4E I
k21φ
2
t (, t) +
E I
4
φ2x (, t) if [Imφtt E Iφx](, t) > 0,(

4E I
+ C ′
)
k21φ
2
t (, t) +
E I
4
φ2x (, t) if [Imφtt E Iφx](, t) < 0.
This yields
E I
2
φ2x (, t) <
(

2E I
+ 2C ′
)
k21φ
2
t (, t).
(This estimate may be compared with the equality E I2 φ
2
x (, t) = 2E I k21φ2t (, t) which holds in the classical unloaded case.)
For T7 and T8 we have
|T7| E I
2+ η
∣∣φφx(, t)∣∣ E I
2+ η
(

2
∫
0
φ2x dx+
1
2
φ2x (, t)
)
,
|T8| K
2+ η
∣∣wwx(, t)∣∣ K
2+ η
(

2
∫
0
w2x dx+
1
2
w2x(, t)
)
which renders the contributions 1
(2+η) (

2E I + 2C ′)k21φ2t (, t), 1(2+η) ( K + 2C ′′)k20w2t (, t) and K(2+η) 
∫ 
0 φ
2
x dx to the φ
2
t (, t),
w2t (, t) and
∫ 
0 φ
2
x dx terms respectively.
Absorbing the extra terms into the expression for dFdt we obtain the following estimate:
dF
dt
<
(
ρμ
2
− ρ
2
− ρ
2+ η
) ∫
0
w2t dx+
(
Iρμ
2
− Iρ
2
+ Iρ
2+ η
) ∫
0
φ2t dx+
(
μK − K
2
+ K
2+ η (1+ )
) ∫
0
w2x dx
+
(
μK + μE I
2
+ K (1+ 2
2)
2
− E I
2
− K
2+ η
(
1− 3
2
)
− E I
2+ η
(
1− 
2
)) ∫
0
φ2x dx
+
(
ρ
2
+ μm
2
+
(

K
+ 2C ′′
)
k20 +
1
(2+ η)
(

K
+ 2C ′′
)
k20 − μtk0
)
w2t (, t)
+
(
Iρ
2
+ μIm
2
+
(

2E I
+ 2C ′
)
k21 +
1
(2+ η)
(

2E I
+ 2C ′
)
k21 − μtk1
)
φ2t (, t).
At this point we can ﬁx μ and η by
K
(
1+ 22
2
− 1−
3
2
2+ η
)
 E I
4
, (5)
2μ 1
2
− 1+ 
2+ η <
1
2
− 1
2+ η , (6)
μ(2K + E I)
(
1
4
+ 1−

2
2+ η
)
E I, (7)
1+ 
2+ η <
1
2
. (8)
Implementing these restrictions we easily get on the strength of (6) that the coeﬃcients of the
∫ 
0 w
2
t dx and
∫ 
0 φ
2
t dx
terms are strictly negative.
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∫ 
0 φ
2
x dx term equals
μK + μE I
2
+ K (1+ 2
2)
2
− E I
2
− K
2+ η
(
1− 3
2
)
− E I
2+ η
(
1− 
2
)
 E I
2
(
1
4
+ 1−

2
2+ η
)
− E I
(
1
2
+ 1−

2
2+ η
)
+ K
(
1+ 22
2
− 1−
3
2
2+ η
)
< 0
on the strength of (5) and (7).
Finally we consider the coeﬃcient of the
∫ 
0 w
2
x dx term:
μK − K
2
+ K
2+ η (1+ ) K
(
1
4
− 1+ 
2(2+ η) −
1
2
+ 1+ 
2+ η
)
= K
(
−1
4
+ 1+ 
2(2+ η)
)
< 0
by virtue of (6) and (8).
Clearly if k0 > 0, k1 > 0 we arrive at
dF
dt
< 0 ∀t  T0
with T0 suﬃciently large and dependent on k0, k1, C ′ , C ′′ , μ, η and the physical parameters in Pr(P ) only. The proof of
Theorem 3.2 is now complete. 
Remark 3.3. Recalling the questions posed in Section 1, a comparison of our results to existing work for the Timoshenko
beam with tip load and the work of Kim and Renardy [14] for the classical Timoshenko beam is appropriate.
Firstly, subject to Condition Z on the boundary data at x = , we have achieved uniform stabilization of the model
described by Pr(P ) with inclusion of the moment of inertia of the tip load, which was disregarded in [27]. On the other
hand, although the property of uniform stabilization of the classical Timoshenko beam equations with feedback boundary
controls is maintained in the presence of the tip load, the effect of the load on the stabilization of Pr(P ) is clear. With the
mass and the rotary inertia of the load coming into play the stabilization is slower, i.e., to guarantee dFdT < 0, T0 will be
required to be larger than in the classical case due to the presence of the terms μm2 and
μIm
2 and other modiﬁcations to
the coeﬃcients of the w2t (, t) and φ
2
t (, t) terms which emanate from the estimates for
E I
2 φ
2
x (, t) and
K
2 w
2
x(, t). The
restrictions (5)–(7) on the constants μ and η in our Lyapunov functional which are ﬁxed in conjunction with the physical
parameters K , , E I in the problem, resemble the restrictions imposed in the case of an unloaded beam [14, pp. 1423–1424],
but are more stringent. On the other hand the restriction (8), i.e., η > 2 on the constant η, in terms of the length  of the
beam, is new.
In conclusion, as indicated in Section 3, we comment on the construction of exact closed-form solutions of Pr(P ) (cf.
the remark in Section 3). For undamped models for a Timoshenko beam with tip load much has been achieved in this
direction in the already cited work of Bruch and Mitchell [2] by deriving the exact form of the frequency equation of
the system. Further to this work White and Heppler [26] considered a model for the undamped vibrations of a free–free
Timoshenko beam with rigid bodies at the end points, which includes not only the effects of the mass and rotary inertia
of the bodies, but also of the ﬁrst moment of mass. The exact form of the frequency equation is derived, the mode shapes
and the orthogonality condition are developed and a numerical example is presented which illustrates the effect of the
ﬁrst moment on the natural frequencies. More recently Salarieh and Ghorashi [24] considered a more general model which
includes torsional deformation of the beam.
In the case of Pr(P ) one could proceed analogously as in [2,24,26] to construct exact solutions. However, the already
complex implicit equation for the natural frequencies of the system will be augmented by terms emanating from the feed-
back boundary controls. A complete presentation of the frequency equation and its solutions (by numerical methods) which
will manifest the effect of the boundary controls, as well as the corresponding eigenmodes, together with a comparison to
the numerical results for the unloaded Timoshenko beam [14], could be a valuable supplementation of our results by the
Lyapunov functional approach.
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